We classify polycyclic dimension groups, i.e. dimension groups with the underlying group Z 2n and n ≥ 2. Our method is based on geometry of simple geodesic lines on the Riemann surface of genus n. The main theorem says that every polycyclic dimension group can be indexed by single real parameter α, where α is a positive irrational modulo the action of GL(2, Z). This result is an extension of the Effros-Shen classification of dicyclic dimension groups ([3]) and has various applications inside and outside C * -algebra theory.
Introduction
Dimension of Eucledean space can be 1, 2, 3 and more. When passing to the infinite-dimensional Euclidean spaces, it is no longer true that dimension is a positive integer. In fact, there exists a "dimension function" on linear spaces, which takes non-integral values. Phenomenon of continuous dimensions was discovered by von Neumann, and successfully applied to topology of knots by V. F. R. Jones.
Dimension function on a C * -algebra R takes values in abelian group K 0 (R) rather than real line, see e.g. Ch. 1 of [2] . K 0 (R) is known as dimension group of R. The classification of such groups is a challenging problem of algebra, analysis and geometry.
In [3] Effros and Shen classified dicyclic dimension groups, i.e. dimension groups with underlying group Z 2 . Their result says that dicyclic group can be assigned a positive irrational number α, defined up to the action of matrix group GL(2, Z), and such that if α = a 0 + 1
then one gets an explicit construction of this dicyclic group via simplicial dimension groups and positive isomorphisms:
see Theorem 3.2 of [3] . Geometrically, α is "slope" of a straight line on flat torus, see [3] Theorem 2.1. The order on Z 2 is given by cone P α = {(k, l) ∈ Z 2 | αk + l ≥ 0}, and it is shown that every dicyclic Riesz group 1 arises in this way.
To classify the polycyclic dimension groups one needs:
(i) to define a Riesz group G coming from simple geodesic γ on Riemann surface S;
(ii) to introduce "slope" α of γ on S;
(iii) to construct a simplicial approximation of G using continued fraction expansion of α.
Unlike the case of flat torus, there are no straight lines on S and therefore we cannot specify cone P α directly. Fortunately, there exists an ordered abelian group G on Z 2n associated to simple geodesic γ ⊂ S. To specify G, let take the closure of γ, which is a geodesic lamination Λ ⊂ S.
It is known that Λ admits a collection of transversal invariant measures [15] . Such measures make a convex compact set of dimension ≤ n [14] , and are identified with states S(G) on G. Positive cone G + can be recovered from S(G) in a unique sense, see e.g. [8] .
G is a Riesz group, see Lemma 1, and any simple rank 2n Riesz group such that dim S(G) ≤ n, can be obtained by looking at geodesics γ ⊂ S, see Theorem 1.
On geometry side, γ has a topological invariant called a slope. It's a number α ∈ R + \Q defined modulo the action of GL(2, Z), and such that continued fraction of α encodes "asymptotic data" of γ, see Section 3. In a natural way, slopes parametrize simple Riesz groups G = G α , see Lemma 4.
Finally, α can be used to construct a "representation" of G α as dimension group. Namely, it's possible to derive matrices ϕ k ∈ GL(2n, Z + ) from continued fraction expansion of α, and such that G α = lim k→∞ (Z 2n , ϕ k ), see Theorem 2.
Preliminaries
We use notation Z, Z + , Q and R for integers, positive integers, rationals and reals, respectively and GL(n, Z) for the group of n × n matrices with entries in Z and determinant ±1.
By an ordered group we shall mean an abelian group G together with a subset P = G + such that P + P ⊆ P, P ∩ (−P ) = {0}, and P − P = G. We call P the positive cone on G. We write
G is said to be a Riesz group if:
An ideal J in a Riesz group G is a subgroup such that J = J + − J + (where J + = J ∩ G + ), and if 0 ≤ a ≤ b ∈ J + , then a ∈ J + . We say that G is simple if only ideals are G and {0}.
Given ordered groups G and H, we say that a homomorphism ϕ :
A positive homomorphism f : G → R is called a state if f (u) = 1, where u ∈ G + is an order unit of G. We let S(G) be the state space of G, i.e. the set of states on G endowed with natural topology [2] .
S(G) is a compact convex subset of vector space Hom (G, R). By the Krein-Milman theorem, S(G) is the closed convex hull of its extreme points, which are called pure states.
An ordered abelian group is a dimension group if it is order isomorphic to lim m.n→∞ (Z r(m) , ϕ mn ), where Z r(m) is simplicially ordered groups (i.e. (Z r(m) ) + ∼ = Z + ⊕ . . . ⊕ Z + ), and ϕ mn are positive homomorphisms. Dimension group G is said to satisfy the Unimodular Conjecture if r(m) = Const = r and ϕ mn are positive isomorphisms of Z r . In other words, G is the limit
of matrices ϕ k ∈ GL(r, Z + ). Riesz groups are dimension groups and vice versa, see [4] . Riesz groups can be viewed as an "abstract" dimension groups, while dimension groups as a "quantum representation" of Riesz groups by infinite sequences of positive homomorphisms.
Ordered abelian groups coming from geodesics
In present section we construct an abelian group Z 2n with order coming from the geodesic γ on Riemann surface of genus n ≥ 1. We show that any simple Riesz group of rank 2n and state space of rank k ≤ n can be obtained in this way (Theorem 1).
Lemma 1 Let γ ⊂ S be a simple non-periodic geodesic on Riemann surface of genus n ≥ 1. Then corresponding to γ there exists an ordered abelian group Z 2n whose non-negative elements lie inside a cone bounded by k ≤ n hyperplanes passing through the origin of Z 2n . Moreover, this group is a simple Riesz group G and dim S(G) = k, where S(G) is the state space of G.
Proof. Given γ consider the closureγ on S. It is known thatγ consists of a continuum of simple pairwise disjoint geodesics, filling the entire S. Thusγ is a geodesic lamination, which we denote by Λ.
Let us "blow-down" Λ to a measured foliation F on S, which has only simple singular points of saddle type, cf Thurston [15] . It follows from Veech's construction ( [17] ) and formula:
that F can be viewed as suspension over the interval exchange transformation (I.E.T.) of m intervals with permutation π. Since F has only simple saddles, we conclude that π has the number of elementary cycles N(π) = 1. Thus, m = 2n, and
where C * (F ) is C * -algebra of measured foliation F , cf Putnam [12] , Theorem 3.2.
On the other hand, every invariant transversal measure on F corresponds to a state on Z 2n . It is known that invariant measures of F constitute a convex set K = S(G) of dimension k ≤ n, see Sataev [14] . At this point, one can already conclude existence of a positive cone in Z 2n by virtue of isomorphism G ∼ = Af f K, where Af f K is ordered set of affine continuous functions on K, see e.g. Goodearl [8] , Theorem 14.8 and Corollary 14.9. We wish to present a direct construction though.
By Krein-Milman theorem, S(G) is defined by extreme measures µ 1 , . . . , µ k . Those correspond to pure states s 1 , . . . , s k . Since each s i is a homomorphism Z 2n → R, the kernel Ker s i is a hyperplane in R 2n . Thus we get a positive cone in Z 2n bounded by k hyperplanes passing through the origin of Z 2n .
It is easy to see that G is a simple Riesz group. Indeed, since I.E.T. is minimal (i.e. orbit of every point is dense in the unit interval), the components of normal vector to hyperplane Ker s i will be independent over Q, see Veech [18] for details. Thus, G is simple and satisfies the interpolation property, Corollary 4.2 of [4] . Lemma 1 follows.
of Lemma 1 we call associated to geodesic γ ⊂ S. If n = 1 one gets a dicyclic abelian group with total order, studied by Effros and Shen.
Theorem 1 Suppose thatG is a simple polycyclic Riesz group of rank 2n, such that dim S(G) ≤ n. Then there exists a geodesic γ ⊂ S on Riemann surface of genus n ≥ 1, such that G(γ) ∼ =G.
Proof. The detailed argument is presented in our preprint [11] . We wouldn't repeat the proof here, but instead will give threads the reader might wish to follow. The main steps are:
(i) given Riesz groupG consider the Bratteli diagram B = B(G) ofG, i.e. combinatorial presentation of an AF C * -algebra whose K 0 -group isG; (ii) it is proved that infinite paths X(B) of diagram B can be identified with the geodesics on Riemann surface S of genus n. The construction involves the Koebe-Morse coding of geodesic lines; (iii) simplicity ofG implies that above geodesics are non-periodic and lie in the closure of each other, i.e. we obtain a minimal geodesic lamination Λ, filling the entire S; (iv) last step is a proof that any γ ∈ Λ generates Riesz group G = G(γ) which is order-isomorphic to the groupG we started with.
Slopes of geodesics
There are no "straight" lines on surfaces of genus n > 1. Fortunately, simple geodesics (i.e. non self-intersecting geodesics) can be used as a replacement for the straight lines. As for straight line of flat torus, simple geodesic can be characterized by inclination angle, or slope, that it has on surface S. Slope is a positive real, defined modulo action of the matrix group GL(2, Z), and such that slope is rational whenever geodesic is periodic and irrational otherwise. We first define slopes of simple geodesics on modular surface H/Γ, and then extend it to Riemann surfaces H/Γ k , where Γ and Γ k are modular and principal congruence groups, respectively.
Slopes on modular surface
Existence of simple non-periodic geodesics on modular surface was established by Artin [1] . Let γ be such a geodesic andγ its image on H. Let
be standard fundamental region of modular group Γ = GL(2, Z)/ ± I and following Artin consider intersectionsγ ∩ Ω.
The setγ ∩Ω consists of an infinite sequence of arcs {I 0 , I 1 , I 2 , . . .}, where I 0 denotes the first, arbitrary chosen, arc and I 1 , I 2 , . . . are such that the left end of I 1 is identified with the right end of I 0 , left end of I 2 is identified with the right end of I 1 , etc. Note that I i ∩ I k = ∅ whenever i = k and I k fill densely region Ω, i.e. each I i is approximated by I k 's with any given accuracy ( [1] ).
We call finite sequence I 0 , I 1 , . . . , I k
a spline of arcs I 0 , I 1 , . . . , I k if the right end of I k is identified with the left end of I 0 . In other words, spline represents a closed (periodic) line on the modular surface S = H/Γ. There exists a natural map of splines into the homotopy group π 1 (S). Consider the geodesic representatives
of splines, i.e. unique periodic geodesics which represents elements of π 1 (S) generated by splines. It follows from the construction that our non-periodic geodesic γ = lim i→∞ γ i and the lengths of γ i grow monotonically as i → ∞. Let l(γ i ) be the length of γ i . Corresponding to γ i , there exists an equivalence class [g i ] = {t −1 g i t | t ∈ GL(2, Z)} of a hyperbolic transformation g i ∈ GL(2, Z), such that
see Appendix. Note that trace tr (g i ) is a positive integer invariant of [g i ].
Finally, let Q + and Z + denote the set of positive rationals and integers, respectively. Consider the following collection of rational unimodular matrices:
where r i ∈ Q + . It is well-known that as k → ∞, the result of action of A k on the point ∞ ∈ H can be written as infinite continued fraction:
see [16] , pages 13-14.
We are ready now to introduce a "slope" of geodesic γ. The following lemmas will be important.
Then the infinite sequence of equations
has a unique solution r 0 , r 1 , r 2 , . . ., such that r i ∈ Q + and r i are bounded away from zero.
Proof. By direct calculations in (10), one gets the following system of equations:
r 0 = k 0 r 0 r 1 + 2 = k 1 r 0 r 1 r 2 + r 0 + r 1 + r 2 = k 2 r 0 r 1 r 2 r 3 + r 0 r 1 + r 0 r 3 + r 1 r 2 + r 2 r 3 + 2 = k 3 . . .
System (13) is linear recursive and can be resolved for r i using the first i equations only. The reader can verify that r 0 = k 0 , r 1 = (k 1 − 2)/r 0 , r 2 = (k 2 − k 0 − r 1 )/(k 1 − 1), . . . is a solution. Clearly, r i ∈ Q + . Let us prove that C ≤ r i for a constant C > 0. Let to the contrary, lim i→∞ r i = 0. Then lim i→∞ k i = 0, see equations (13) . This contradicts assumption that k i is a growing sequence of positive integers. Lemma follows.
Lemma 3 Let r i be positive rationals of Lemma 2. Then continued fraction (11) converges to an irrational number α > 0.
Proof. We shall use the following Stieltjes fraction:
were r i > 0 and z ∈ C. Stieltjes fraction converges uniformly over every finite closed domain z ∈ C whose distance from negative half of real axis is positive, provided r i diverges, see Theorem 28.1 of Wall [16] . To get continued fraction (11), we substitute z = 1 into the Stieltjes fraction. Since r i are bounded away from zero, the series r i diverges. Thus Stieltjes fraction converges to an irrational number α > 0.
To get a "slope" of geodesic γ, it remains to substitute k i = |tr (g i )| in Lemma 2, where g i ∈ GL(2, Z), and apply Lemma 3. In other words, we have the following definition. 
Slopes on Riemann surfaces
Let Γ k be the principal congruence subgroup of modular group Γ. Γ k has finite index in Γ and therefore Riemann surface S k = H/Γ k can be viewed as a finite covering of S. The genus n of S k can be found from the formula:
see e.g. Gunning [9] , Theorem 8 on page 15. Any simple non-periodic geodesic on S k projects naturally onto such of the modular surface S. It was a reason why we studied slopes of geodesics on S in the first place. The following definition seems to be reasonable.
Definition 3 Let γ be a simple non-periodic geodesic on the Riemann surface S k . Then a slope of γ on S k is defined to be slope of the geodesicγ on S, whereγ = π(γ) and π is a covering map from S k to S.
We have shown in earlier works that slope is complete topological invariant of geodesic laminations Λ =γ and measured foliations F . Slopes possess many nice arithmetic features. Recently we proved that slope is a continuous function of Λ and F ( [7] ). These topics however lie beyond the scope of present text.
Classification of polycyclic dimension groups
We can combine result of Sections 2 and 3 to classify simple (polycyclic) Riesz groups G. First we parametrize such groups by irrationals α, which are slopes of geodesic lines on associated Riemann surface. Next we construct explicitly the approximation of G by simplicial dimension groups and positive isomorphisms. Such a construction is based on the arithmetic of α, and shows that G is a dimension group satisfying the Unimodular Conjecture. Finally, we establish a classification theorem in terms of parameter α (Theorem 2).
Parametrization of Riesz groups by slopes of geodesics on Riemann surfaces
Riesz group G = G(γ) associated to geodesic γ can be prescribed a real parameter α equal to the slope of γ on associated Riemann surface S. To make such a parametrization, let us recall that γ is determined by slope α modulo an orientation preserving homeomorphism h : S → S, see e.g. [11] . On the other hand, it follows from the construction of slope that α is defined modulo the action of matrix group GL(2, Z). Indeed, we take the arc I 0 at random, so that any different choice will result in "killing" a finite tail in continued fraction expansion of α, see Section 3. It is not hard to see that this randomness corresponds to the action of the mapping class group M(S) = Dif f S/Dif f 0 S on the geodesic γ. Thus, we established the following lemma.
Lemma 4 Simple Riesz groups of Theorem 1 are parametrized by orbits of the action of matrix group GL(2, Z) on positive irrational numbers α.
The continued fraction construction
From Lemma 4 every simple Riesz group G on Z 2n such that dim S(G) ≤ n is of the form G = G α for some α ∈ R + \Q. By Theorem 2.2 of Effros, Handelman and Shen [4] , G α must be a dimension group, i.e. there exists a direct sequence of simplicial groups Z r(m) such that G α = lim(Z r(m) , ϕ mn ). In fact, it follows from Theorem 2.2 of Elliott [5] , that if dim S(G) = 1 then G α must be the limit of a direct sequence
where det(ϕ k ) = ±1. This Unimodular Conjecture is generally no longer true if dim S(G) > 1, but is valid for a "rather big class" of G's, see Riedel [13] last line of page 15. In this section we prove that the Unimodular Conjecture is true for dimension groups G α . One gets an explicit construction of the (unimodular) matrices ϕ k based on expansion of α into a continued fraction.
Theorem 2 Suppose that α ∈ R + \Q has a continued fraction expansion α = [r 0 , r 1 , r 2 , . . .], where r k ∈ Q + . Then there exists a sequence of non-negative, integral, unimodular (2n × 2n)-matrices ϕ k such that Proof. We wouldn't distinguish between geodesics on covering surfaces S = S k and the modular surface, see Section 3.2. If α = [r 0 , r 1 , r 2 , . . .], then we pass to matrices A i , see (10) . Using relation (9):
we find l(γ i ). Note that tr (A i ) ∈ Z + by construction of α. Each homotopy class l i ∈ π 1 (S) contains a unique geodesic representative of given length. Thus, l(γ i ) = l i ∈ π 1 (S).
Denote by h i : S → S a pseudo-Anosov (non-periodic) diffeomorphism such that h i (l i ) = l i+1 , i.e. curves of the homotopy type l i are mapped by h i into curves of type l i+1 . Clearly, h i is a non-trivial element of the mapping class group H(S) = Dif f S/Dif f 0 S.
To obtain a non-negative unimodular matrix out of h i , one needs a Markov partition of S. Such a partition is known to always exist for pseudo-Anosov diffeomorphisms, see Fathi and Shub [6] , Exposé 10.
Namely, let h = h i be a pseudo-Anosov diffeomorphism of S. Choose 2n rectangles R = {R 1 , . . . , R 2n } such that:
Let ϕ = ϕ(h) be 2n × 2n matrix with the entries
Since h is pseudo-Anosov, φ defines an invertible subshift of finite type [6] . Thus, det ϕ = ±1. Let now ϕ k run through k = 0, 1, . . . , ∞. Denote the dimension group lim k→∞ (Z 2n , ϕ k ) by G. We claim that G = G α .
Indeed, positive cone of G α can be obtained from the simplicial cone (Z 2n ) + and compositions ϕ 0 • ϕ 1 • . . . • ϕ k of positive isomorphisms ϕ i as k → ∞. We skip details here for the sake of brevity and refer the reader to [3] , pages 199-201.
The second part of Theorem 2 follows immediately from the basic equivalence relation employed in continued fraction theory.
Corollary 1 Dimension groups G α and G β are order-isomorphic if and only if
where a, b, c, d are integers such that ad − bc = 1. For brevity, we call geodesics of type (b) simple, since they allow no selfcrossing or self-tangent points.
Every geodesic γ : I → S of type (iii) is recurrent, i.e. for any t 0 ∈ I and ε > 0 the ε-neighbourhood of p(t 0 ) has infinitely many intersections with γ(t) provided t > N, where N = N(ε) is sufficiently large. The topological closure of recurrent geodesic on S contains the continuum of disjoint recurrent geodesics, and called a geodesic lamination Λ, see [15] . Intersection of Λ with any closed curve on S is homeomorphic to a Cantor set.
A foliation F on S is partition of S into a disjoint union of 1-dimensional and, possibly, a finite number of 0-dimensional leaves denoted by Sing F . Immediate examples of foliations are orbits of flows and trajectories of quadratic differentials on S.
F is called measured if it supports an invariant transversal measure on leaves, see [6] . In other words:
(i) Sing F consists n-prong saddles, where n ≥ 3;
Equivalently, cases (i)-(iii) correspond to the transformations of H with: (i) one fixed point in Int H, (ii) one fixed point in ∂H, (iii) two fixed points in ∂H.
Let g be hyperbolic, and C the geodesic circle trough the fixed points of g. It is known that g(C) = C and g "shifts" points of C. The hyperbolic length of segment [x, g(x)] doesn't depend on x ∈ C: l([x, g(x)]) = 2 arccosh
where tr (g) is the trace of matrix g ∈ GL(2, Z). Expression (22) we call a length-trace formula. It is not hard to see that segment [x, g(x)] covers a periodic geodesic on the modular surface H/GL(2, Z) whose riemannian length coincides with l([x, g(x)]).
